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Let V be a vector space over a field K.
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Let V be a vector space over a field K.
A braiding on V is a linear isomorphism

c:VaV=VeV
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Let V be a vector space over a field K.
A braiding on V is a linear isomorphism

c:VaV=VeV

that satisfies the Yang Baxter Equation (YBE)
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Let V be a vector space over a field K.
A braiding on V is a linear isomorphism

c:VaV=VeV

that satisfies the Yang Baxter Equation (YBE)

C12€23C12 = C23C12C23.
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Let V be a vector space over a field K.
A braiding on V is a linear isomorphism

c:VaV=VeV

that satisfies the Yang Baxter Equation (YBE)

C12€23C12 = C23C12C23.

Here

cla=c@1y VS 5 VB =1y @c: VO - V3
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We can draw c like this:
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We can draw c like this:

A
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We can draw c like this:

A

and we can draw the Yang Baxter Equation

C12€23C12 = C23C12C23

like this:
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@ The YBE appeared first in physics.
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@ The YBE appeared first in physics.

o It appears a lot in quantum algebra, where it replaces the
usual braiding of vector spaces

VeV-sVeV

V1 ® Vg > v2 QU1
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@ The YBE appeared first in physics.

o It appears a lot in quantum algebra, where it replaces the
usual braiding of vector spaces

VeV-sVeV

V1 ® Vg > v2 QU1

o For example, if H is a Hopf algebra, then the category
Rep(H) is not automatically braided.
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@ The YBE appeared first in physics.

o It appears a lot in quantum algebra, where it replaces the
usual braiding of vector spaces

VeV-sVeV

V1 ® Vg > v2 QU1

o For example, if H is a Hopf algebra, then the category
Rep(H) is not automatically braided. If it is, it provides
many solutions to the YBE.
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@ The YBE appeared first in physics.

o It appears a lot in quantum algebra, where it replaces the
usual braiding of vector spaces

VeV-sVeV

V1 ® Vg > v2 QU1

o For example, if H is a Hopf algebra, then the category
Rep(H) is not automatically braided. If it is, it provides
many solutions to the YBE.

e If H is any Hopf algebra, we can consider the category of
Yetter-Drinfeld modules over H, g)}D.
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@ The YBE appeared first in physics.

o It appears a lot in quantum algebra, where it replaces the
usual braiding of vector spaces

VeV-sVeV

V1 ® Vg > v2 QU1

o For example, if H is a Hopf algebra, then the category
Rep(H) is not automatically braided. If it is, it provides
many solutions to the YBE.

e If H is any Hopf algebra, we can consider the category of
Yetter-Drinfeld modules over H, g)}D. This is a braided
category, and therefore provides solutions to the YBE.
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Usually, in the framework of braided categories, we draw c the

way we do, as
X

because we think of ¢ as the “only way” to move elements of V'
over elements of V.
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Usually, in the framework of braided categories, we draw c the

way we do, as
X

because we think of ¢ as the “only way” to move elements of V'
over elements of V.
In this talk we will take a different approach.
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Usually, in the framework of braided categories, we draw c the

way we do, as
X

because we think of ¢ as the “only way” to move elements of V'
over elements of V.

In this talk we will take a different approach.

We first and foremost think of V' as a vector space, and we
think of the braiding as some extra structure.
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Usually, in the framework of braided categories, we draw c the

way we do, as
X

because we think of ¢ as the “only way” to move elements of V'
over elements of V.

In this talk we will take a different approach.

We first and foremost think of V' as a vector space, and we
think of the braiding as some extra structure.

As such, we will write ¢ as

Y
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So the YBE becomes:

A T
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So the YBE becomes:

3 T

We then just write

for the usual flip map
VeV VeV

V1 Q@ Vg — Vg X V.

This is a less aesthetically pleasing presentation, but it is useful,

nonetheless.
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Going into algebraic geometry

What have we gained from considering V' as a vector space?
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Going into algebraic geometry

What have we gained from considering V' as a vector space?

Let us CHOOSE a basis {e1,...e4} of V.
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Going into algebraic geometry

What have we gained from considering V' as a vector space?
Let us CHOOSE a basis {e1,...e4} of V.
We can then write ¢ with respect to this basis:

cle; ® e] Z cklek X ey.
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Going into algebraic geometry

What have we gained from considering V' as a vector space?
Let us CHOOSE a basis {e1,...e4} of V.
We can then write ¢ with respect to this basis:

ez ® e] Z cklek ® ey.
The YBE then becomes

.. . ij sk rt k ir ts
\V/’L,j,k,a, b,C : Z ersctc Cab = ch"s CatChc

r,8,t 7,8,t
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Going into algebraic geometry

What have we gained from considering V' as a vector space?
Let us CHOOSE a basis {e1,...e4} of V.
We can then write ¢ with respect to this basis:

cle; ® e] Z cklek X ey.

The YBE then becomes

.. . ij sk rt k ir ts
\V/’L,j,k,a, b,C : Z ersctc Cab = ch"s CatChc

r,8,t 7,8,t

So we get an algebraic variety Z C A" of all possible braidings
on V.
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@ Of course, it is possible that two different points in Z will
define isomorphic braidings.
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@ Of course, it is possible that two different points in Z will
define isomorphic braidings.

o This is because the scalars CZ that we got depend on the
choice of basis we have made.
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@ Of course, it is possible that two different points in Z will
define isomorphic braidings.

o This is because the scalars CZ that we got depend on the
choice of basis we have made.

@ The group GL(V) acts on Z by a change of basis, and the
GL(V)-orbits correspond to isomorphism types of
braidings.
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Applications to Nichols algebras

If (V,¢) is a braided vector space, then the Nichols algebra
B(V,c) is a graded algebra that plays an important role in the
theory of Hopf algebras.
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Applications to Nichols algebras

If (V,¢) is a braided vector space, then the Nichols algebra
B(V,c) is a graded algebra that plays an important role in the
theory of Hopf algebras.

The Nichols algebra B(V, c¢) can be characterized by the
following:

O It is a graded Hopf algebra, with respect to the braiding
coming from V.

Ehud Meir J.w. Ben Martin and Istvan Hecke Geometry of braidings



Applications to Nichols algebras

If (V,¢) is a braided vector space, then the Nichols algebra
B(V,c) is a graded algebra that plays an important role in the
theory of Hopf algebras.
The Nichols algebra B(V, c¢) can be characterized by the
following:
O It is a graded Hopf algebra, with respect to the braiding
coming from V.

@ B(V,c); =V, and B(V,c) is generated by V as an algebra.
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Applications to Nichols algebras

If (V,¢) is a braided vector space, then the Nichols algebra
B(V,c) is a graded algebra that plays an important role in the
theory of Hopf algebras.

The Nichols algebra B(V, c¢) can be characterized by the
following:

O It is a graded Hopf algebra, with respect to the braiding
coming from V.

@ B(V,c); =V, and B(V,c) is generated by V as an algebra.
Q@ P(B(V,c))=V.
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Nichols algebras

Another way to characterize the Nichols algebra is by the
following criterion:
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Nichols algebras

Another way to characterize the Nichols algebra is by the
following criterion: for every n > 0 there is a map

I, (c) : yen _ yen

such that B(V,¢),, = Im(IIL,(c)).
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Nichols algebras

Another way to characterize the Nichols algebra is by the
following criterion: for every n > 0 there is a map

I, (c) : yen _ yen

such that B(V,¢), = Im(I1l,(c)). The map III,(c) is defined
using the action of the braid group B, on V®".

Ehud Meir J.w. Ben Martin and Istvan Hecke Geometry of braidings



Nichols algebras

Another way to characterize the Nichols algebra is by the
following criterion: for every n > 0 there is a map

I, (c) : yen _ yen

such that B(V,¢), = Im(I1l,(c)). The map III,(c) is defined
using the action of the braid group B, on V®". Choosing a
basis of V', the matrix entries of the map III,(c) can be written
as polynomials in the variables c¢}/.
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Nichols algebras

The following (inaccurate) theorem is (esentially) true:

® : Z — {Nichols algebras}
c— B(V,c)

s continuous.
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Nichols algebras

The following (inaccurate) theorem is (esentially) true:

® : Z — {Nichols algebras}
c— B(V,c)

s continuous.

But what do we actually mean by that?
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Nichols algebras

The following (inaccurate) theorem is (esentially) true:

® : Z — {Nichols algebras}
c— B(V,c)

s continuous.

But what do we actually mean by that? Instead of looking at
the Nichols algebra as a whole, let’s look at its homogeneous

components.
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The fact that I11,(c) depends polynomially on ¢ has the
following consequence:
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The fact that I11,(c) depends polynomially on ¢ has the
following consequence:

@ For every m, the set {c|dim(B(V,¢c),) <m} C Z is a
closed subset.
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The fact that I11,(c) depends polynomially on ¢ has the
following consequence:

@ For every m, the set {c|dim(B(V,¢c),) <m} C Z is a
closed subset.

@ For every m, the map
{c|dim(B(V, ¢),) = m} — Gr(m, V")

V= BV, o)y,

is continuous and GL(V')-equivariant.
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Nichols algebras

Assume that we have the following situation inside Z:

c,€0rbit 2
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Nichols algebras

Assume that we have the following situation inside Z:

c,€0rbit 2

Then we can deduce that dim(B(V,¢1)y,) > dim(B(V, c2),,) for
every n.
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Together with Istvan Heckenberger and Leandro Vendramin we
proved the following;:

Let V Eg YD be an irreducible module such that
(x|Vy # 0) = G, and that dim(V') is prime.
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Together with Istvan Heckenberger and Leandro Vendramin we
proved the following;:

Let V Eg YD be an irreducible module such that
(x|Vy # 0) = G, and that dim(V') is prime. Then apart from a
finite set of exceptions, B(V') is infinite dimensional.
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Together with Istvan Heckenberger and Leandro Vendramin we
proved the following;:

Let V Eg YD be an irreducible module such that
(x|Vy # 0) = G, and that dim(V') is prime. Then apart from a
finite set of exceptions, B(V') is infinite dimensional.

In the proof of the theorem we applied the situation from the
previous slide, where we have one orbit in the closure of another.
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Together with Istvan Heckenberger and Leandro Vendramin we
proved the following;:

Let V Eg YD be an irreducible module such that
(x|Vy # 0) = G, and that dim(V') is prime. Then apart from a
finite set of exceptions, B(V') is infinite dimensional.

In the proof of the theorem we applied the situation from the
previous slide, where we have one orbit in the closure of another.
In order to reach this scenario, we also needed to do reduction
modulo p.
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Geometry and invariants

So what more can we say about the geometry of Z7
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Geometry and invariants

So what more can we say about the geometry of Z7
We do have a GIT quotient Z//GL(V).
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Geometry and invariants

So what more can we say about the geometry of Z7

We do have a GIT quotient Z//GL(V).

The points of Z//GL(V) are in one to one correspondence with
the closed GL(V')-orbits in Z. Moreover,

K[Z//GL(V)] = K[Z]L(),
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Geometry and invariants

So what more can we say about the geometry of Z7

We do have a GIT quotient Z//GL(V).

The points of Z//GL(V) are in one to one correspondence with
the closed GL(V')-orbits in Z. Moreover,

K[Z//GL(V)] = K[Z]L(),

So it is worth knowing how to describe the invariants in
K[Z] GL(V)_
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Geometry and invariants

We can draw diagrams that represent invariants.
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Geometry and invariants

We can draw diagrams that represent invariants. Here are two
examples:
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Geometry and invariants

We can draw diagrams that represent invariants. Here are two
examples:

= Ti(c) = =5 ¢;)
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Geometry and invariants

We can draw diagrams that represent invariants. Here are two
examples:

= Ti(c) = =5 ¢;)

= TI"(C o flzp) = Zi,j C;‘]Z
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Geometry and invariants

Another diagram invariant is
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Geometry and invariants

Another diagram invariant is

It represents the polynomial invariant

11,82 13,14
c. e,
Z 13,82 14,11

11,12,13,84
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Geometry and invariants

Another diagram invariant is

It represents the polynomial invariant
11,02 13,04
Z CiginCig,ir-
11,02,13,14
The following is a special case of a more general theorem on
invariant rings for algebraic structures.

The diagram invariants span K[Z]¢XV),
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Geometry and invariants

Another diagram invariant is

It represents the polynomial invariant
11,02 13,04
Z CiginCig,ir-
11,02,13,14
The following is a special case of a more general theorem on
invariant rings for algebraic structures.

The diagram invariants span K[Z]¢XV),

So this gives us, in principle, a way to describe the variety

Z//GL(V).

Ehud Meir J.w. Ben Martin and Istvan Hecke Geometry of braidings



Geometry and invariants

Another diagram invariant is

It represents the polynomial invariant
11,02 13,04
Z CiginCig,ir-
11,02,13,14
The following is a special case of a more general theorem on
invariant rings for algebraic structures.

The diagram invariants span K[Z]¢XV),

So this gives us, in principle, a way to describe the variety
Z//GL(V). However, the relations between the invariants can
be quite complicated!
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Irreducible components

Since Z is an affine variety, one of the very first questions that
we can ask is about its irreducible components.
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Irreducible components

Since Z is an affine variety, one of the very first questions that
we can ask is about its irreducible components.

Recall that a braiding ¢: V ® V — V ® V is called of diagonal
type if has the form

c(ei & 6j) = gije; D e

with respect to some basis {e;} of V.
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Irreducible components

Since Z is an affine variety, one of the very first questions that
we can ask is about its irreducible components.

Recall that a braiding ¢: V ® V — V ® V is called of diagonal
type if has the form

c(ei & 6j) = gije; D e

with respect to some basis {e;} of V.
We write
Zpr € Z

Zpr = {c|c is of DT with respect to some basis of V'} C Z.
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Irreducible components

Since Z is an affine variety, one of the very first questions that
we can ask is about its irreducible components.

Recall that a braiding ¢: V ® V — V ® V is called of diagonal
type if has the form

c(ei & 6j) = gije; D e

with respect to some basis {e;} of V.
We write
Zpr € Z

Zpr = {c|c is of DT with respect to some basis of V'} C Z.
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Irreducible components

Zpr = {c|c is of DT with respect to some basis of V} C Z.

Let Y = Zpr.
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Irreducible components

Zpr = {c|c is of DT with respect to some basis of V} C Z.

Let Y = Zpp. Together with Ben Martin, we proved the
following:

e The closed set'Y is an irreducible component of Z.

o If char (K) =0 or if char (K) > dim(V) then we have an

isomorphism K[Y]GHV) =~ K[Qil]sd-
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For the first part of the theorem, we use a tangent space
calculation.
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For the first part of the theorem, we use a tangent space
calculation.
For the second part, we use the restriction map

O : K[Y]9Y) — K55

Ehud Meir J.w. Ben Martin and Istvan Hecke Geometry of braidings



For the first part of the theorem, we use a tangent space
calculation.
For the second part, we use the restriction map

O : K[Y]9Y) — K55

The fact that Zpr is dense in Y immediately implies that ® is
injective.
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For the first part of the theorem, we use a tangent space
calculation.
For the second part, we use the restriction map

. GL(V +118,
O : K[Y]9Y) — K55
The fact that Zpr is dense in Y immediately implies that ® is
injective.
To prove surjectivity, we take a generating set of K [q;';-l]sd,

which is relatively easy to achieve because Sy is a finite group,
and find preimages in K[Y]S(V),
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For the first part of the theorem, we use a tangent space
calculation.
For the second part, we use the restriction map

O : K[Y]9Y) — K55

The fact that Zpr is dense in Y immediately implies that ® is
injective.

To prove surjectivity, we take a generating set of K [q;';-l]sd,
which is relatively easy to achieve because Sy is a finite group,
and find preimages in K[Y]““"), We do so using diagram
invariants.
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For example,

= Z%’
i

O (Tr(co flip)) qu
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Characterization of Zpr

How do we characterize Zpr inside Y7
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Characterization of Zpr

How do we characterize Zpr inside Y7

For c €Y the following are equivalent:
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Characterization of Zpr

How do we characterize Zpr inside Y7

For c €Y the following are equivalent:

Q The orbit GL(V) - ¢ is closed.
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Characterization of Zpr

How do we characterize Zpr inside Y7

For c €Y the following are equivalent:
Q The orbit GL(V) - ¢ is closed.
Q ce Zpr.

Ehud Meir J.w. Ben Martin and Istvan Hecke Geometry of braidings



Characterization of Zpr

How do we characterize Zpr inside Y7

For c €Y the following are equivalent:
Q The orbit GL(V) - ¢ is closed.
Q ce Zpr.

© The stabilizer of ¢ in GL(V') contains a mazimal torus of
GL(V).
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Characterization of Zpr

How do we characterize Zpr inside Y7

For c €Y the following are equivalent:
Q The orbit GL(V) - ¢ is closed.
Q ce Zpr.

© The stabilizer of ¢ in GL(V') contains a mazimal torus of
GL(V).

We do get a concrete family of examples in Y\ Zprp.
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What's next?

Can we generalize this?
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What's next?

Can we generalize this?

One very fruitful source of examples of braided vector spaces
comes from set theoretical solutions of the Yang Baxter
Equation.
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What's next?

Can we generalize this?

One very fruitful source of examples of braided vector spaces
comes from set theoretical solutions of the Yang Baxter
Equation.

Let X be a finite set.
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What's next?

Can we generalize this?
One very fruitful source of examples of braided vector spaces
comes from set theoretical solutions of the Yang Baxter
Equation.
Let X be a finite set. A set theoretical solutions of the YBE is
a bijection

[ XXxX—>XxX

that satisfies the YBE

f12f23f12 = fazfi2fo3-
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What's next?

Can we generalize this?
One very fruitful source of examples of braided vector spaces
comes from set theoretical solutions of the Yang Baxter
Equation.
Let X be a finite set. A set theoretical solutions of the YBE is
a bijection

[ XXxX—>XxX

that satisfies the YBE
fi2f23fi2 = fazfi2fo3.

If f is a set theoretical solution of the YBE, it defines a linear
solution, where we take V = KX and

clez @ey) =e, @ ey

where f(z,y) = (z,w).
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What's next

More generally, given f we can look at solutions of the form
cler @ ey) = quye: @ ey,

where g, is a set of scalars.
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What's next

More generally, given f we can look at solutions of the form
cler @ ey) = quye: @ ey,

where g, is a set of scalars.

Unlike in the diagonal type case, it might happen that the
non-zero numbers ¢, need to satisfy some non-trivial
polynomial equations.
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What's next

More generally, given f we can look at solutions of the form
cler @ ey) = quye: @ ey,

where g, is a set of scalars.

Unlike in the diagonal type case, it might happen that the
non-zero numbers ¢, need to satisfy some non-trivial
polynomial equations.

We write

Zy = {clc(es ® ey) = quyes ® ey, for some basis {e,}}, Yy = Z.
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What's next

More generally, given f we can look at solutions of the form
cler @ ey) = quye: @ ey,

where g, is a set of scalars.

Unlike in the diagonal type case, it might happen that the
non-zero numbers ¢, need to satisfy some non-trivial
polynomial equations.

We write

Zy = {clc(es ® ey) = quyes ® ey, for some basis {e,}}, Yy = Z.

The closed subset Yy is an irreducible component of Z for every
set-theoretical solution f.
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Here is one example where we managed to show that the
conjecture holds.
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Here is one example where we managed to show that the
conjecture holds.
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Here is one example where we managed to show that the
conjecture holds.
Let X ={1,2,3}. Define

o fGaiti=
J(0.9) {(k,i)ifi;éj

Ehud Meir J.w. Ben Martin and Istvan Hecke Geometry of braidings



Here is one example where we managed to show that the
conjecture holds.
Let X ={1,2,3}. Define

o fGaiti=
J(0.9) {(k,i)ifi;éj

With the help of Dejan Gove we proved that Yy is indeed an
irreducible component in this case.
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Here is one example where we managed to show that the
conjecture holds.
Let X ={1,2,3}. Define

o fGaiti=
J(0.9) {(k,i)ifi;éj

With the help of Dejan Gove we proved that Yy is indeed an
irreducible component in this case.
The general case is widely open!
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